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Abstract—Constitutive equations for a linear thermoelastic dielectric are derived from the energy balance
equation assuming dependence of the stored energy function on the strain tensor, the polarization vector,
the polarization gradient tensor and entropy. A method is indicated for constructing a hierarchy of
constitutive equations for materials with arbitrary symmetry by introducing various thermodynamic
potentials. Maxwell’s relations are constructed for the thermodynamic potential W, The entropy inequality is
used to obtain stability conditions for an elastic dielectric in equilibrium under prescribed boundary
constraints. Frequencies are explicitly determined for a plane wave propagating along the x,-axis in an infinite
centro-symmetric isotropic thermoelastic dielectric.

1. INTRODUCTION

Mindlin{1] and Suhubi{2] recently extended Toupin's[3] work on elastic dielectrics and the
equations of classical theory of piezo-electricity by assuming the stored energy function to
depend on the strain tensor, the polarization vector as well as the polarization gradient tensor.
This theory explains observed phenomena, otherwise not included in Eringen’s{4] or Toupin’s
work[3] such as: (1) an electromechanical interaction in symmetric and non-symmetric materi-
als; (2) capacitance of thin dielectric films. By including a magnetic field, Mindlin and Toupin[5]
have investigated acoustical and optical activity in alpha quartz.

Pyroelectric crystals develop spontaneous polarization and successive changes in point
group symmetry occur with change in temperature[8]. Thus, for example, barium-titanate
(BaTiQ,) with transition temperatures of 393, 278, 180°K transforms from class m3m to
pyroelectric classes 4mm, mm2 and 3m, respectively, as the temperature is lowered. For
potassium dihydrogen phosphate (KH,PO,) phase transition occurs at 123°K. Above this Curie
point, the crystal is in paraelectric phase with tetragonal symmetry, 42m, and below in a
ferroelectric phase with orthorhombic symmetry mm?2.

This paper deals with thermoelastic dielectrics where the contribution due to polarization
gradient is taken into account. Constitutive equations for the stress tensor, electric vector,
electric tensor and the temperature are derived from the energy balance equation by assuming
the strain energy function to depend on the strain tensor, the polarization vector, the polariza-
tion gradient tensor, and entropy. Relations between the isothermal and adiabatic constants are
derived. The arbitrary choice of independent and dependent variables and various types of
boundary constraints suggests introduction of a number of thermodynamic potentials for each
of which differentials and constitutive equations are derived. Maxwell’s relations are obtained.
As an example, constitutive equations for materials with 42m point group symmetry are
constructed.

The entropy inequality is employed to determine stability conditions for an elastic dielectric
with given boundary constraints. Finally, the frequencies are explicitly determined for a plane
wave propagating along the x,-axis in an infinite isotropic centro-symmetric thermoelastic
dielectric.

2. BASIC EQUATIONS
Let a homogeneous linear elastic dielectric continuum with the contribution of the polariza-

tion gradient taken into account, occupy a region V in a rectangular Cartesian coordinate
system.

The basic equations developed in[4] reduce to equations of motion
Tiitofi=pi, T;=T; (2.1a)

€+ LB+ EM = ~E? (2.1b)
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€di+P;=—p. in V, (2.1¢)
=0 in V* (2.2)
kinematic relations
EMS=—-¢, S= % (u; + uy,) 2.3)
the boundary conditions
nTy=k, nme;=S; (2.4)
n[ P; ~ €dle.ill} = n(x) (2.5)

in which Tj;, €; and S; denote components of the stress-tensor, electric tensor, and the strain
tensor, respectively; u;, P, (E, EM®, f, and n; designate components of displacement vector,
polarization vector, local electric vector, the Maxwell self field vector, the external body force
vector and the unit normal vector, respectively; &, |¢é.|, p. represent potential of Maxwell field,
jump in ¢, across S and the charge density; ki(x), Si{(x) and n{x) are surface loadings; V* is
the outer vacuum and ¢, its permittivity.

The entropy density, o, is defined by[6]

gii =00 (2.6)
and from Fourier's law of heat conduction one writes
-d; = k.~,~8,, (27)

where g; is the heat conduction vector, @ is the absolute temperature, and k; are the heat
conduction coefficients, symmetric in { and j.

3. ENERGY BALANCE AND CONSTITUTIVE EQUATIONS
The principle of conservation of energy for an elastic dielectric occupying a region V and
bounded by a surface S can be stated as follows:
The rate of increase in total enesgy is equal to the rate at which work is done by the
tractions across S, the external body and electric forces within V, less the outward flux of
electrical and thermal energy across S. Thus the energy balance can be written as

f (K+ U)de -_-f [ Tyt + €;P; — @1+ n(x)é ds +f lofu; + E'P, +pd)do 3.1
v s v

where
_P. .
K= > w;ll;
and
U = WHS, Pu Piio) + 6P =5 6., 3.2

are the kinetic (K) energy and (W) the strain energy density functions of deformation and

polarization. '
Applying the divergence theorem to the surface integral in (3.1) and making use of eqns

(2.1), one obtains
j W!' dv = f {T};S,-f - ;,Ejpj + €g,‘n,‘j - 4,‘_,‘} de (33)
L2 v

where
H,‘,‘ = P,",u
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Since (3.3) holds for any arbitrary volume V, we have
Wt = 7},‘5‘,‘; - LE;P_; + e;,-I'L,v + 6o (3.4

where we have used (2.6). This is the first law of thermodynamics for a homogeneous elastic
dielectric.

We shall treat (T;;, Sy), (—.E;, Py, (€; I1;) and (6, o) as a set of conjugate thermodynamic
variables. Assuming S;, P;, I1;, o as an independent set, one can write

oW . aWrt . awl. awl
= 3S; 8+ aP, P+ II; +

wt o it 5 0 3.9
if

and from a comparison of eqns (3.4) and (3.5) the system of constitutive equations are written
as

L L
T;= %, -LEi= %
& = ‘;‘;{f g = ";ZL. (3.6)
The Maxwell relations can now be derived as
Ty _4Ey 9Ty dey 0Ty 38
P, 38S;° olly 3Sy ao aS;
_é&:@ —é—l:—E—.ézﬁ .‘.’E’i‘—_— ae (37)

My &P’ do 9P oo olly’

The choice of independent or dependent thermodynamic variables is suggested by the
boundary constraints and is effected by a Legendre transformation. Following Mason[9], we list
in Appendix A, 12 thermodynamic potentials for mechanical, electrical and thermal variables,
each with definition, independent variables, differential relations and state equations.

Each thermodynamic potential contains a complete description of thermodynamic proper-
ties of the homogeneous elastic dielectric. For the thermodynamic process governed by the
strain energy function of deformation and polarization WX(S;, P, I, o), the stress tensor T,
the local electric vector L E,, the electric tensor ¢; and the temperature 6 are functions of Sj;,
P, Il and o, respectively. Thus

T = T(Sij P, 11, 0) (3.8)

with similar relations for . E,, €y and 8.
Let us consider the differential

- ﬂnﬁ"]?ﬂa . [}@}Sﬂd {a_Tk!}SPo aTki SPh
dTﬂ [asij dS,, + P, dP, + an“j dH,-; + ["5}‘} do 3.9

where the superscripts indicate the variables held constant. For a linear theory, W' is a

quadratic function of the independent variables and the coefficients are constants; thus eqns
(3.9) may be integrated to give

_ _‘?I’LIJP“U . [glu]sna ﬂﬂ SPo aTu SPI
Tu [33:';' S+ 3P, P+ [31’1,-J In; + [—d;} o

Similarly, one obtains
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51,51‘}”’0
LEk [ 8&, &1 + [

aekl Pllo [aéu
L€ = [aS,,] S+ apP,

38 17 90
6= [aS.,] S""J“[B'PT

a E& }Sﬂo’
ap;

P, +

el

Keeping in mind Maxwell's relations, eqns (3.7), we assume

Pllo

[@}3”0“ 4 {...._..
am, if 4
d€y

36*3 ] . ‘:_—
a1, I + do

Stle 6 30
]2

SPT
I

(3.10)

Ty a W‘ .
v = € ”é‘
A 35.,35::: Y
{anlrn" _ [ a;,E,-]P“" PWh _ e
3Su aP; GSH o
[LTMTPO [aﬁ,] Plhic ) W 2t _ g
all; aSy SN, M
[ﬂ,ﬂ]spn [ 20 ]pna~ 2w on
P 39Sy 3Sudcr M
ﬁ[aLE&}Sﬁa . ‘[ﬁg]sna azwl st
aP; 3P PP, %
—[3LE&}SPO' _ ,_afg‘}sﬂa ~ ang _ o
3T, 3P, Pl =i
_[aLEk]s”“ _ '_a_o_]s AW o
P | 9P, dgap, ™ (3.1
[—E’i]sl’o _ - ae;,- }SPO' _ 32 WI_ - bé‘Pa
all; LoT1, allgam,, ™
[&}SPH ~ . 36 }SPU _ ang _ o
i3 L3y 3,04 €xi
[a—o}SPn _ ,a—a]st’n ~ az WL _ ﬁsyn
oo " lae do? ’

Making use of (3.11) in (3.10), and recalling that the st{ain energy function of deformation
and polarization is a quadratic, expressions for W*, T, . E, & and 8 may be constructed as

WH(S,, Pi, T, 0) = bl +’c*’"“spsq+ asn"PP+ b3rM,, 11,

* % BN+ dBeS, I + fiS,Pi + ¥ 'S0 + fia Pl + 0¥ Pior + €, Mo

(3.12)
T, = C:}}icsa + inapi + d:r;rlm + ’YgP“O’
= LBk = fiy e+ ai P + jeallm + 7"
€ = dm«: + ]lm :+ bonTl, + €m0+ by
0= v"%Se+ 7P + & 11, + B e (3.13)

where the linear term by, Il has been added to W' to account for the surface energy of
deformation and polarization, and various indices here take ranges as follows: p, ¢ = 1-6; m,
n=1-9; i j k=1-3.
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Also, we have introduced the abbreviated indicial notation in which a pair of indices ij or ki
is replaced by a single index p, or g; m or n according to

Scheme for T; or Sy

jjorki 11 22 33 23,32 31,13 12,21

porg 1 2 3 4 5 6

Scheme for €; or [y

jjorkl 11 22 33 23 31 12 32 13 21

morn 1 2 3 4 5 6 7 8 9

The constitutive equations may be written in various forms depending on the thermodynamic
potential used. The relations (3.13) are represented by joining the corners of a cube as shown in
Fig. 1.

Interchanging the positions of 8 and o, the constitutive equations which may arise due to
potential A (free energy) are given by

T, = cE1S, + fp, + d2°I1,, + A,°"6 =dieS, + P+ bMMl, + £570 + by G4
—LE = fkq Sq + a'ﬁ'mpi + fignIl + pksno o= _qunsq - plsnpi - ffnpnm + 5Ty,
The relations between isothermal and adiabatic constants are found to be
c;m C‘; 0 _ SPﬂ,y Pn? Pl'l fﬂa SpP Pnn sn
dPO = d::— ySPﬂprnemSP’ as!m — aSJHc Si’ﬂn Sﬂn Ryi}
}&S:! = }g_ zISPIIn“Sl'lemSP, bSPD = bf‘ic'_ S/SPHG,,,SPG,‘SP
ySPIgSPI — | ySPILy PI_ A PR (3.15)
l/SPI'I SI'I _ pp s VSPHGMSP = ngP.

Fig. 1. Geometric representation for constitutive relations (3.13).
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Constitutive equations can be derived for any of 32 crystal classes by symmetry trans-
formations and group theoretic methods[7]. Some of the constants become zero and other
non-zero constants are found to bear mutual relations. As an example, we consider the crystal
class with 42m (International) point group symmetry. Constitutive equations including thermal
effects are constructed in Appendix B.

4. ENTROPY INEQUALITY AND STABILITY

The second law of thermodynamics permits only those transformations of the elastic
dielectric system which make the total entropy change either positive or zero.

Let the system suffer infinitesimal transformations in which various field changes are
denoted by 8S;;, 8P, 8I1;, 8¢ and do and let it be subjected to the boundary constraints

n;T,;6u; = const. n€,;6P; = const.

niead ; — P)d¢ = const. 4.1

Let 8W be the work done by the external fields f, E® and p.. Then
8W=f f,-8u;dv+[ E,%P;dv+f p.6¢ dv. 4.2
1'% v v

Making use of egns (2.1), the divergence theorem and boundary constraints {4.1), one
establishes

-8W = 8[ {-— Tfis‘}' + LEiPi - G,}H.',' - (b,P,] dv+ 529 6[ ¢_,‘¢J‘ du. (43)
The corresponding energy change is given by
&Uu = Sj [ W"(S,*i, P,‘, n,‘,', 0') + ¢.,‘P“ - f,)i) ¢'¢‘] dL‘, (44)
v ¥4

Let the elastic dielectric be in thermal contact with a heat bath where the heat transferred from
the dielectric to the heat bath = —(8U — 8W) and the entropy change of the heat bath =
~(8U - 6W)/8. Therefore

the total entropy change = - .‘S_U_;ﬂ +8 f ody
v

= -8S
where

S= f {WL - T;,'S;j + {_E;Pg - e;,«I'I;j - 80’] de (4.5)
v

and thus the entropy inequality reduces to

88 =0. (4.6)

A thermodynamic system of an elastic dielectric described by the state variables S;;, T, P,
LE; €, 8, o is said to be in a state of stable equilibrium under a prescribed set of constraints if
an arbitrary set of small transformations 8Sj, 8P 8T1;;, 8o will carry this state into an adjacent
state in such a manner that

(i) imposed constraints are not violated

(i) 8S is positive definite (i.e. S is minimum).

In general, the constraints suggest the choice of the thermodynamic potential and stability is
determined by the extremal properties of an integral similar to (4.5).
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We proceed now to determine the restriction imposed on the behavior of the integrand of S
in a stable state under the constraints (4.1). It is found that

ss=§ j 7L dv

where y is the 19 dimensional vector
x =18S,, 8P, 8I1,,,80), p=1-6; i=1-3, m=1-9,

superscript ¢ stands for transpose, and L is a 19 x 19 matrix

hf_‘ of  of of

EXR T ) | S
WE oE_oE aF

L= EX) P M ac | @47
& aE  E a
3§ P Ml oo

0 8 40
3§ P M 4o

where we have used egqns (3.6) and (3.7).
Thus the necessary and sufficient conditions for stability of the elastic dielectric are that the

principal minors of the matrix, (4.7), are all positive.

5. PLANE WAVES
For the homogeneous isotropic elastic dielectric the constitutive coefficients take the form

fa=0, ju=0, b)=bod; a;=ad;
A =A8; {={8
by = b126i0k + bai(8udyy + 8y0x) + b6y — Bubin)
Ci = C128y8u + Cas(uby + dy)
diju = d128idu + dau(Budy + 8udp) ¢.n

where §; is the Kronecker delta. The constitutive equations reduce to

Ty = d2byPiy + du(Pj; + Py + €288 + 2cuSy + AS0

—LEc = aP;
€ = b1263Pix + bu(Pyi + Py) + br(Pi - Py + d,z&,Su +2dyuSi; + bod; + {60
o= -ASM - {Pk,k + vl (52)

where we have suppressed the superscripts on various constants.
Substituting (5.2) into (2.1), the equations of motion reduce to
CuVi+ (¢ ~ Cauyi + duVP;+(d — dy) Py + A6, = pii;
duVu; +(d — du)uy; + b*V’Py+ (b — b*)P;; ~ aP;— ¢, + {6, = 0
—&V¢+P,;=0
—Auy—~{Pi+v6=0,"Ki0,; (5.3)
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where
X=X|2+2X44(X=b,C.d) and b*=b44+b77.

Consider a plane wave in an infinite crystal, with its normal in the x, direction: i.e. assume

uj= Ajcos é&x e, P;= B cos éx, e

¢ = C sin &x, e, 6 = D sin £x, e, (5.4

Substituting (5.4) into (5.3) and setting the determinant of the coefficient matrix of vector
(A1, A,, A3, By, By, B;, C, D) equal to zero, one obtains the secular equation

c-A? 0 0 d 0 0 -A
0 C“—Az 0 0 d“ 0 0
0 0 C44'_/\2 0 0 d“ 0
d 0 0 b+a+e! 0 0 0{=0 (5.5)
0 dy 0 0 b*+a 0 0
0 0 dy 0 0 b¥*+a 0
A 0 0 14 0 0 Q0
where
2
/\2=%, Q=ilI)V+00——]K||. (56)

The determinant (5.5) is further simplified and the three values of A? are explicitly
determined and found to be

2 2 d%d
Al :Az :C“_a+b* (57)
2_ é[ 4 ]
A;—C+Q A brater' | (5.8)
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APPENDIX A

Some useful thermodynamic potentials:
(1) Strain Energy: WX(S;, P, 11, o):

dWL =T, dS, - E dP, +¢,dll,; + 8 do
=W g W W, W
WIS BT GR s ST oM 30
(2) Free Energy: W'~ 60 = A(S,, P, 11, )
dA=T,dS, - E dP+ ¢, dll; - o d8

JA A JA JA

Ti=as, “E=ap wTan; 7775
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() Enthalpy: H(T;;,  E, €, 0) = W- - T,S; +  EP, - 11,

dH =-S,;dT,;+P,d,E -], de; + 0 do

H o _GH o __H | _H
T, iU aE T dey do’

Si=-
(4 Elastic Enthalpy: H(T;, P, I, 0} = WL-S,T,
dH,=-8,dT,;~ [E;dP;+ ¢;dll; + § do
3H, 4H, 8H, 3H,

S‘f=_a_T,j‘ Ei=- P,' “=3m, ="

(5) Electric Enthalpy: Hy(S;, E, €;, 0)= W™+ EP; - ¢,[1,

dH, =T, dS,+ P;d, E,~ 11, de; + 8 do

Wy, o o oH,
Ti: as Pi_+aLEi’ Hii— 3‘.'," 8 do’

(6) Electric Enthalpy: H3(S;, . E,I1;,0)= Wt + EP,

dHY =T, dS; + P,d,E +¢; dll; + 0 do

7 -%HI p _dHY _ _oHY . oH}
i as AL T 1 o

(7) Electric Enthalpy: H3*(S;, P, €, 0)= W~ ¢,]1;
dHY* = T, dS; - (E; dP,~ 11, de; + 6 do

oH%* 3HY* dH3* aHY
{,=—2  E=-—2 Il=-=—2% §=—=2
TR R Y o

(8) Gibbs function: G(T;, (Ej, e, 8)= W =S, T, + [ EP, - Il,€;, — 6o
4G = =S, T, + P,d,E, ~ 1, de, - o 48

96 o 6 oG G
Ty it aE YT ey a8

Si=-
(9) Elastic Gibbs function: Gy(T}, P, 11, )= W- - S,T, -

dG, = -8, dT, - E dP;+¢, dIl;- 0 d8

g .36 p_ 96, __36, ___ 0
Si="5r, B= ap' “ e, 7T e

(10) Electric Gibbs function: Gy(S,, ( Ey €, 8)= W + (EP, - €11, ~ b0

dG,=T;dS; + P,d E;~ 11, de; - o d@

3G 3G, 3G Fle;
. _9G;, o _ -_9,; ___dG,
T as;’ k= aE' o, v, 7

{11) Electric Gibbs function: G¥(S;, E;, I, )= W+ [EP, - 6o

dG% =T, dS, + P,d,E, +¢; dll,~ o d¢

w3 , a6y a6y a8

Ty= as Pi=sE @=am, °= %

(12) Electric Gibbs function: G3¥(S,, P, €;, 8) = W — .11, — 6o
dG3* = T, dS; - ,E, dP,~T1, de; - o d6

r,=%G _ g 968 g .6y __ir

aS‘ oBy= oP; m,= de;; a8 -

APPENDIX B
Constitutive relations (3.13) for crystal class 32m(Dz,).
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